A class of third order harmonic oscillators with frequency, amplitude, and transient response controlled by three separate sets of parameters is derived. A simplified oscillator is described in which there are only three parameters, one which controls the frequency, another the amplitude, and the third the transient response. either of the saturation or the dead space type. The mathematical analysis is based on linearizing the nonlinearity by means of the sinusoidal describing function. The transient response i s studied by considering small amplitude perturbations away from the oscillator's limit cycle. The results of analog computer simulations are Presented with emDhasis on the relationship between transient
INTRODUCTION
Electronic oscillators have a long and extensive history [ l ] .
However, most of the previous work The requirements of oscillators of this type differ from the usual criteria used in oscillator design F o r example, it is desirable that the speed o f response to changes in the parameter be as rapid as possible.
The oscillators described in this paper are unusual in that they are third order oscillators. A general condition is given such that one set o f parameters control the oscillators' frequency while another disjoint set controls the amplitude. A third set of parameters, which affects neither the frequency nor the amplitude controls the speed of response.
class are studied in detail. These oscillators
The simplest oscillators of this general
CHl315-1/78/0000-0050$00.75 ( C ) 1978 IEEE c o n t a i n t h r e e parameters, each w i t h i t s separate independent function, and a s i n g l e n o n l i n e a r i t y which can be e i t h e r o f t h e s a t u r a t i o n o r dead space type.
The mathematical methods used r e l y on 1 i n e a r i z a t i o n of t h e n o n l i n e a r i t y by means o f t h e d e s c r i b i n g f u n c t i o n [2] .
i s an approximate one, analog computer s i m u l a t i o n s are used t o v e r i f y and extend t h e t h e o r e t i c a l r e s u l t s . The c o e f f i c i e n t s of t h e c h a r a c t e r i s t i c equation a r e f u n c t i o n s of t h e l i n e a r parareters o f t h e system and of t h e s i n g l e n o n l i n e a r element.
The focus of t h e paper i s on t h e mathematical prop e r t i e s of t h e o s c i l l a t o r s r a t h e r than on p r a c t i c a l c i r c u i t c o n f i g u r a t i o n s . , However, t h e p r a c t i c a l r e a l i z a t i o n o f t h e o s c i l l a t o r s i s discussed
p, ,pz,. . . ,pn = l i n e a r parameters o f t h e system N = t h e d e s c r i b i n g f u n c t i o n of t h e non1 i n e a r i ty.
Three f u n c t i o n s o f t h e l i n e a r parameters and t h e d e s c r i b i n g f u n c t i o n are sought: IFa, a f u n c t i o n t h a t c o n t r o l s t h e amplitude; f f y a f u n c t i o n t h a t c o n t r o l s t h e frequency; and f,, a f u n c t i o n t h a t affects n e i t h e r t h e frequency o r t h e amplitude.
I n o r d e r t h a t fa a f f e c t s t h e amplitude, fa must be a f u n c t i o n o f N. 
1,
I n o r d e r t h a t t h e frequency depend o n l y on f f 
I n o r d e r t h a t t h e amplitude depend o n l y on fa ,
o r a l t e r n a t i v e l y ,
This procedure has defined two of t h e o s c i l l a t o r s sought. They have the c h a r a c t e r i s t i c equations fafxs3
(4) 
Four more o s c i l l a t o r s a r e defined by s e t t i n g co
= f f f x , c 2 = f x and co = f f f x f a , c 2 = f x f a f a s 3 + fxS2 + ffS + f f f x = 0 s 3 + f x s 2 + f f f a S + f f f x = 0 ( 6 ) ( 7 ) ( 8 ) 3 2 f a s + fxfaS + f f S + f f f = 0 f x a ( 9 ) ss + f f S L + f f f a S + f f f = 0 x a f x a
Two l i n e a r gains a r e associated with f a in order t o allow each of the o s c i l l a t o r s t o have e i t h e r a s a t u r a t i o n type o r a dead space type of nonlinearity.
An explanation of t h i s point i s given l a t e r in t h e paper.
The gain K, e n t e r s i n t o neither the expression f o r t h e frequency nor the expression f o r the amplitude. A conservative system can be thought of a s having an i n f i n i t e l y long t r a n s i e n t time. That i s , perturbing the amplitude of a conservative system causes i t t o o s c i l l a t e a t a new amplitude. There i s no tendency f o r the o s c i l l a t i o n s t o return t o a r e associated w i t h a s l u g g i s h t r a n s i e n t response. 
T h i s hypothesis
i s explored f u r t h e r i n t h e sect i o n s t h a t f o l l o w . THE NONLINEARITY Two types o f n o n l i n e a r i t y , which ( i r e shown i n Figure 2, a r e used i n t h e o s c i l l a t o r . One type i s a s a t u r a t i o n o r s o f t n o n l i n e a r i t y and t h e o t h e r i s a dead space o r hard n o n l i n e a r i t y . These nonl i n e a r i t i e s a r e simple n o n l i n e a r gains w i t h desc r i b i n g f u n c t i o n s depending o n l y on t h e i n p u t amplitude and n o t t h e frequency. The o n l y r e s t r
i ct i o n imposed on t h e n o n l i n e a r i t i e s i s t h a t t h e desc r i b i n g f u n c t i o n e i t h e r monotonically increase o r decrease. used i t i s v i r t u a l l y assured t h a t t h e

BEHAVIOR NEAR THE LIMIT CYCLE
Obtaining the t r a n s i e n t response o f a nonl i n e a r system i s a d i f f i c u l t and i n some cases an i n t r a ct a b l e problem.
general a p p l i c a b i l i t y a r e approximate ones [4] [5]. S i l j a k [6] has described a method t h a t g i v e s
The o n l y e x i s t i n g methods of i n s i g h t i n t o t h e t r a n s i e n t processes o f higher o r d e r systems near a l i m i t cycle. The e x p o s i t i o n and n o t a t i o n of S i l j a k a r e followed i n t h i s paper.
S i 1 j a k ' s method c o n s i s t s o f i n v e s t i g a t i n g the e f f e c t o f small p e r t u r b a t i o n s on the r o o t s o f characteri s t i c equation o f t h e l i n e a r i z e d system. The s i z e o f the r e a l p a r t o f t h e perturbed r o o t i s a measure
o f t h e speed o f t h e t r a n s i e n t processes. 
The v a r i a b l e s and i t s r e a l and imaginary components a r e considered t o be f u n c t i o n s o f t h e amplitude o f o s c i l l a t i o n , a. s ( a ) = o ( a ) + j w ( a ) Replacing s i n equation 10 by i t s two p a r t s y i e l d s t h e two equations
The p a r t i a l d e r i v a t i v e s o f w and o w i t h respect t o t h e amplitude a a r e now evaluated. The a n a l y s i s i s s i m p l i f i e d by t h e Cauchy-Riemann c o n d i t i o n s t o y i e l d
t h e f o l l o w i n g equations. For a saturation
The r e s u l t i s t h e o s c i l l a t o r requires t h a t the c h a r a c t e r i s t i c dN
A small value o f % implies a long t r a n s i e n t time, while a large value i n p l i e s a s h o r t t r a n s i e n t .
For a dead space nonlinearity, The theoretical a n a l y s i s i s based on the l i n e a r ihalf plane. he amplitude then decays back t o t h e zation of a nonlinear system by means of the describing function. The method i s an approximate amplitude of t h e sustained o s c i l l a t i o n s . A decrease i,, amp,itude the roots into the right one; t h e r e f o r e , t h e theory must be v e r i f i e d experihalf plane cussing the amplitude to grow u n t i l the mentally. The experimental investigations were steady s t a t e amplitude i s reached. c a r r i e d out using analog compkter simulations of t h e o s c i l l a t o r . The signs of some of the parameters a r e fixed.
The frequency of o s c i l l a t i o n s i s equal t o t h e
A saturation nonlinearity was used and t h e value 
dicted, t h a t t h e gain Ka c o n t r o l s t h e amplitude, t h e g a i n Kf c o n t r o l s , t h e frequency, w h i l e Kx a f f e c t s n e i t h e r t h e frequency n o r t h e amplitude.
Under extreme n o n l i n e a r Changing Ka over a
The most tenuous o f t h e t h e o r e t i c a l r e l a t i o n s h i p s i s t h e dependency of t h e t r a n s i e n t response on K,.
Therefore, t h i s r e l a t i o n s h i p was c a r e f u l l y i n v e s t igated. The experimental technique was t o cause a small p e r t u r b a t i o n o f t h e amplitude o f l e s s than f i v e percent by i n t r o d u c i n g a step change i n Ka.
When t h e changes i n amplitude were p l o t t e d on semil o g a r i t h m i c paper t h e p l o t s were found t o be n e a r l y l i n e a r . Therefore, t h e t r a n s i e n t was approximated by a simple exponential and t h e t i m e constant was used as a measure of t h e t r a n s i e n t response. A shortcoming o f t h e t h e o r y i s t h a t i t does n o t y i e l d a value f o r t h e t r a n s i e n t time, but i n s t e a d g i v e s i n f o r m a t i o n o n l y about t h e r e l a t i v e t r a n s i e n t time. Therefore, t h e experimental p l o t and the t h e o r e t i c a l p l o t a r e n o t d i r e c t l y comparable. However, the t r e n d p r e d i c t e d by the theory i s evident i n t h e experimental data. A t t h e very l e a s t , t h e theory provides an i n s i g h t , not otherwise a v a i lable, i n t o t h e t r a n s i e n t response o f t h e o s c i l l a t o r . 
